LECTURE NOTES: 4-3 HOW DERIVATIVES AFFECT THE SHAPE OF
A GRAPH
(PART 1)

MOTIVATING EXAMPLE: \ For each function graphed below, identify the regions of its domain where the
function is increasing and where it is decreasing.

P 4

ey
f(x) is increasing: (o0 57 L)y U-b, ﬂo) f(z) is increasing: (- oo G)uU (1.5, 20)

f(z) is decreasing;: L- 1.2 S5 1 G) f(x) is decreasing: (o, [. 50

Using language a middle school kid could understand, how would you explain what it
means to say a function is increasing or decreasing?

Read +he g ph From left +o r’\%kt. (— or as x-values 1ncvease )
| § gm?k Cor 3—\):&!\/\(.3\) q0 wpy W Saj function is \nc,w_aSinj.
| £ tﬁm‘P\‘ Cor |j—valw.33 6odowy\) Hren cLL(.MSihﬂ

Draw a few sample tangent lines to each graph above. What is the relationship between
the slope of the tangent lines and whether the graph is increasing or decreasing?

N ved aoove. ////

wkunw¥ =) s |V\CA~ULS'm3) -\'ﬂ\‘h%v\-\’) have rPosiJ-'uve. Slope:
When £(x) is alwvcasn‘nj) —lanj(,mls have Mﬂa—})u Slope: ~— \ \

F ¢ Stope
Increasing/DecreasiV

/
(a) If ‘F (") Z0 on an interval, then the function f(z) is increasing on this interval.

£\ <o
(b) If X )£ O _on an interval, then the function f(z) is decreasing on this interval.

L ney. S|°P‘“" .
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| PRACTICE PROBLEM 1: | Let g(x) = 32* — 423 — 1222 + 5.

1. Use the Increasing/Decreasing Test to find the intertals

ing.
’ 20,2, ©
Hhinkina: g has 2eps@X=0,2,115 (3 @ D
» will §in S’@ mderval |Goo)-D) (1>0) (o, 2) (2, o0)

e will $ind when Siqn of ﬂ’:zu(x-z)(xn) Y= = | OED= 4+ D)W ==— [(HE) =+
36:\:0.

P

. Chack ont either Ihev. vs, decr o\.t,t«\"-"t"o"‘hl (nOeadh g dacreasin mu-e_as'mj
side oX 2eves N yd ~— e
Lov Siﬁv\- @_y\/s_; %&\ 15 o w on (-l)QULZ)GO)

/ 3 2 o pe.m)) V(D)

ﬂ(X):lZ'x -12x - IHX o deoreasing on 5

= 122 (x*-X 'Z)
2 12x (-2 (x+1)

2. Sketch the graph on your calculator to check that your answer above is correct.

3. What do you observe about the relationship between local maximums, local minimums and intervals
of increase and decrease? Make an explicit conjecture.

. ‘Q()(\ LWIS AA_MA)dW'MW‘ [m] when _F/ ckanﬂes -Prompbsi-ﬁvc,
' e
local RSN H mﬂa& Vi

% N

when ‘Q’ d\anjls from m‘jmlil’f-
fo positive

. £6D has a, mivimun

local , /
NAA~ &LO ! Q7O

v
\
!

» We need e Functian L£(x) +obe defined atthe x-value
where  £/() ohanaw 373,«\, Ci.z.-lhe.ld-&b)etmp&}s«pnbhmu)

4. Goback and look at the examples at the top of page 1 and see if you need to amend your conjecture
above.
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What is a critical number again? \/ J

e an o value inthe domain o £6) 54 Hhat
® 'Q/(C3:O oy ® 'FI(C‘J 1s undefined

The First Derivative Test: Suppose that c is a critical number of a continuous function f(x).

_ / .
‘N oay £ chanaes fom Po$l)riVb Jo nzga-hvb at ¢, then f

has a local maximulm at c.

,\), b) If F/(X from negdive Jo ?Dﬁi«'—’lW/ at ¢, then f

has a local minimim at c.

o If ;’f»f\, ApeS nb’t chan sian at ¢, then f

has no local maximum or minmumtét c.

, fill in the blanks below for g(r) = 32% —

Using the work from the previous \ PRACTICE PROBLEM 1

4x3 — 1222 + 5.
(a) ’U(\) =0 is a local minimum of g(z) that occurs at = -]
(b) 43 = -t is a local minimum of g(z) that occursat _ X = 2
©_M=5 is a local maximum of g(z) that occurs at_ X = O
wors - c

/3 (0= d-(-")-12+5=0
% (O\: 5

6(2): H8 -32 - 4Y8+5
=-27

\ PRACTICE PROBLEM 2: \ Sketch the graph of a function h(z) satisfying all the properties below:

vy L domain (—o0, 00)
2. h'(z) > 0on (—o0,0) U (2,00)

3. W(z) < 0on (0,2) i
4. 1'(0) is undefined, h/(2) = 0 / Z
wia . /
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| MOTIVATING EXAMPLES: | On the sample graphs below, sketch some Sketch mul-
tiple tangents on each graph. Make rough approximations of the slopes of these tangents.

concave up
pictures

concavedown
pictures

How does the relationship between the tangent line and the graph to which it is tangent
differ depending on whether the graph is concave up or concave down?

Ccup & +on guxt helow curve

cc down: 4~anﬂaw‘t above curve

If the graphs above are of a function, say f(z), what can you say about its derivative
"(x)?

th)zxp © A% X Increases, + /(KU ncreases

ccedown: as x increases, F () duicreases

QUESTION 6: | Estimate the intervals where each function below is concave up and concave down:

1

0
P | -3 -2 -1 0 1 2 3 4

f(z) is concave up: <_ D.;LE)(% U QN )130\> f(z) is concave up: C—_.Do.) D\ U(O)Po>

f(x) is concave down: C~ 0O ,” D.:PS) v (D) L. D f(x) is concave down: Nevewr
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DEFINITION: A point P on a curve y = f(z) is called an inflection point if f is continuous there
and the curve changes from concave upward to concave downward or vice versa at P.

Do the graphs on the previous page have any inflection points?

gm?\n on left : 3 inflecdion poirts. marked inred.
ﬁmpk on risht: O mflectisnpoints.

CONCAVITY TEST & INFLECTION POINTS: Let f(x) be a function defined on an interval I.

I
a1 T6)>o

) for all z in I, then

b1t £ <o

l.
(that is: {: 1S Increasing
the graph of f is concave upward on I. -

) for all z in I, then

/. .
(that is: ‘F IS decreasi nq
the graph of f is concave downward on I. Z

| PRACTICE PROBLEM 3: | Let f(z) = 223 — 322 — 12z. Find the intervals of concavity and the inflection

points.

H o) 2 bx - lx -12
£'N=12x-b=0

Xl Pt ke
0 !
mterval (- 20, /7/\ (Ji,DO)
516\(\ of £ - +
COY\UMIiL‘ﬁ CCup ¢ cdown

3 2
I\ _2(4
when X'/ﬁ) 5¢‘F (’9?2(’71,) -3(;) ’Z(z)
z -b,5

Answer -

\
£ is concave up on (3,m0)

Ll
£ 15 concawe down on (-ro, z)

</Z' )—(,.5> )5 an nflection Po'wrf’.
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